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In this paper we compute the temperature registered by an Unruh-DeWitt detector coupled to a
Hadamard renormalizable quantum field in an arbitrary state, moving along an accelerated trajec-
tory in a curved spacetime. For a massless and conformally invariant field, the generalized expression
for the temperature is given by the quadratic sum of the 4-acceleration, Raychaudhuri scalar, and
renormalized field polarization. We can further find a novel constraint on the renormalized quantum
field polarization in relativistic systems that are in global thermal equilibrium.
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I. INTRODUCTION
One of the key insights into quantum gravity provided by quantum field theory in curved spacetime is its prediction
that varying geometry can give rise to thermal particle production [1–3]. This particle production provides a bridge
between thermodynamics, quantum theory, and general relativity through the associated temperature. To compute
this temperature one can use an Unruh-DeWitt detector [3] which requires knowing the Wightman function for the
specific field, background geometry, and acceleration in question. Here we use the Hadamard form [4] of the Wightman
function to compute the temperature for a massless conformally coupled Hadamard state. This has the advantage
of probing wide classes of quantum fields and geometries which are point-split renormalizable using the Hadamard
prescription of subtracting off the singularity structure from the two point function. Using an Unruh-DeWitt detector
specifically relies on the Hadamard singularity structure to determine the temperature. To focus on this singularity
structure we employ a covariant expansion [5] of the Hadamard form evaluated in the quasilocal limit [6, 7]. This
fully covariant result includes contributions from the background curvature, the quantum state, as well as the proper
acceleration of the detector. The resultant expression for the temperature is a generalization of the Page approximation
[8] and relates the local temperature to the renormalized vacuum polarization, acceleration, and Raychaudhuri scalar.
Furthermore, we can put lower limit on the temperature seen by a local observer, in terms of its trajectory and the
local spacetime curvature, independent of the quantum state.
In this paper, Sec. II outlines the conceptual idea behind how the periodicity of a thermal Green’s function
can be encoded by the singularity structure. With this idea in mind, we examine how the most general statement
about the singularity structure can be used to make the most general statement about temperature. Section III
employs the covariant and quasilocal expansion of the Hadamard form. The covariant expansion yields polynomials
in derivatives of Synge’s world function. The quasilocal expansion then writes the resultant expression in terms of
powers of a comoving detectors proper time. Included in this expansion are terms that depend explicitly on the
local curvature, acceleration, and quantum state. In Section IV we show how this expansion, when compared to the
standard calculation of the Unruh effect, can be used to extract the temperature. The application of our temperature
to cosmological settings in Sec. V is used to derive an array of known results as a sanity check. We finalize the
analysis in Section VI by examining the regime of validity for the instantaneous temperature to be manifestly real
and set a novel constraint on the quantum state.
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2II. ENCODING TEMPERATURES VIA THE SINGULARITY STRUCTURE
The examination of detector responses in various spacetimes have yielded quite a few examples that are character-
istically thermal. The temperatures of these thermal states are typically encoded into the Wightman function of the
fields which live and propagate in that spacetime. More specifically, the fact that we have a thermal state is encoded
in a periodicity of the Wightman function itself (in imaginary time). As an example, let us consider the general form
of the Wightman function for a massless scalar field [9],
G±[x, x′] ∼ 1
F (∆x, β)
. (1)
Here the function F (∆x, β) encodes the spacetime interval ∆xµ = xµ−x′µ and is periodic under i∆t = i∆t+β which
we identify as the temperature for a thermal state. Since the periodicity is in the denominator, we get singularities
when the oscillation crosses zero. As such, with the goal of developing the most general statement of temperature
it serves to examine the periodicity encoded in the most general singularity structure of the Wightman function, i.e.
the Hadamard form. See Figure 1 for an illustrated example of the idea.
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FIG. 1: Example of the singularity structure of Wightman function in imaginary time.
III. THE COVARIANT AND QUASILOCAL EXPANSION OF THE HADAMARD FORM
Numerous observables in quantum field theory are computed using the two point function and its variants. An
observable of particular importance is the expectation value of the quantum energy momentum tensor which is used
as the source of the semiclassical Einstein equation. Although the computation of the energy momentum tensor
is formally infinite, the Hadamard renormalization prescription, i.e. point splitting, renders the resultant expression
finite. This is accomplished by subtracting the singularity structure of the Hadamard form from the two point function
used in computing the energy momentum tensor. Another observable of interest is the temperature registered by an
Unruh-DeWitt detector. Interestingly enough, it is precisely the singularity structure of the two point function, or
more specifically the pole and residue structure, which is needed to compute the temperature. By using the Hadamard
form, we are able to use the singularity structure of renormalizable massless and conformally coupled quantum field
theories to compute the temperature. The Hadamard form for the symmetrizied Wightman function along a trajectory
x(τ) is given by [6, 7, 9]
G+[x(τ), x(τ ′)] ≡ 1
2
〈{φ[x(τ)], φ[x(τ ′)]}〉 = 1
8pi2
[
∆1/2
σ
+ v ln (σ) + w
]
. (2)
Here, the biscalars v and w respectively characterize the quantum field’s potential, quantum state, and have the
following covariant expansions; v =
∑
n vn(x, x
′)σn and w =
∑
n wn(x, x
′)σn. This polynomial expansion is expressed
in terms of the covariant derivative of Synge’s world function ∇ασ(x, x′) ≡ σα, where 2σ is the square of geodesic
distance between x and x′. Expressing both σ and σα utilizing the quasilocal expansion [6, 7] we have
3σ = −1
2
s2 − 1
24
A2s4 +O(s5)
σµ = −suµ − s
2
2
aµ +O(s3). (3)
Here we have defined the acceleration A2 = gµν
Duµ
dτ
Duν
dτ = gµνa
µaν and made use of the identity 2σ = σµσ
µ [10].
The parameter s = τ ′ − τ characterizes the proper time of the detector. The overall minus sign indicates that the
detector moves along a timelike trajectory normalized via uαuα = −1. The covariant expansion of the Van Vleck
Moretti determinant is given by [5]
∆1/2 = 1 +
1
12
Rαβσ
ασβ +O(σ3/2) (4)
Note that if we use the elementary averaging procedure [11] in the Van Vleck Moretti determinant to exchange the
Ricci tensor for the Ricci scalar via Rαβσ
ασβ → Rαβ 12gαβσ = 12Rσ, then the expansion is given by ∆1/2 = 1+ 124Rσ.
This allows us to average over the direction of propagation and, more importantly, average over the local curvature
in a manner that is independent of the motion, see Fig. 2. This procedure is exact in cases of maximally symmetric
spacetimes.
FIG. 2: Elementary averaging over local curvature as direction of propagation changes.
Finally, if we rewrite the Hadamard form with Synge’s [10] world function as a common denominator and expanding
to first order in σ we have
G+[x(τ ′), x(τ)] =
1
8pi2
[
1 + 112Rαβσ
ασβ + v0σ ln (σ) + w0σ
σ
]
. (5)
Note that we now have the zeroth order, i.e. coincident limit, terms for the potential and state dependent terms
v0 and w0. The potential is given by v0 = m
2 + (ξ − 16 )R while the state dependence can be written in terms of the
renormalized vacuum polarization [12] via w0 = 8pi
2 〈φ2〉ren − v0 ln (µ). Here we introduce a mass scale µ to render
the logarithm term in the Hadamard form dimensionless. Finally we have
G+[x(τ ′), x(τ)] =
1
8pi2
[
1 + 112Rαβσ
ασβ + v0σ ln (σ˜) + 8pi
2σ 〈φ2〉ren
σ
]
(6)
Here we have defined the dimensionless world function via σ˜ = σ/µ. For the present analysis we will restrict our
fields to be massless and conformally coupled which causes the potential v0 to vanish identically and eliminate the
logarithm term. As such we drop the term from our current analysis. Finally, utilizing Eqn. (3) and expanding out
to s4 in the denominator, we obtain the covariant and quasilocal expansion of the Hadamard form:
G+[x(τ ′), x(τ)] =
1
8pi2
[
1
− 12s2 − 124 (A2 −Rαβuαuβ + 48pi2 〈φ2〉ren) s4 +O(s6)
]
. (7)
Now that we have developed the Hadamard form to sufficient order, the next step will be to use its singularity
structure to compute the temperature registered by an Unruh-DeWitt detector. This is accomplished by looking at
the well known example of the Unruh effect, [3]. The two point function which is used in this computation is known
to give a thermal response and is parametrized by the detector’s proper time. By Taylor expanding the two point
4function about the detectors proper time we are able to directly compare it to our expansion of the Hadamard form
and, by inspection, extract the temperature. As such, the covariant expansion ensures we can expand our Hadamard
form about the detector’s proper time and the quasilocal expansion simultaneously enables us to include contributions
from the local curvature as well as the acceleration. The comparison of these two point functions and determination
of the their temperatures is carried out in the following section.
IV. EXTRACTING THE GENERALIZED TEMPERATURE
The transition rate of an Unruh-DeWitt detector is characterized by the response function [9]. Formally this is
written as the Fourier transform of the two point function, i.e.
Γ ∝
∫
ds e−i∆EsG±[x(τ ′), x(τ)]. (8)
For a uniformly accelerated observer in Minkowski vacuum, the detector response will be thermal [3]. With proper
acceleration a, the Wightman function which characterizes this uniformly accelerated thermal state is well-known:
G+a [x(τ
′), x(τ)] =
−a2
(4pi)2
1
sinh2 (as/2)
. (9)
A Wightman function of this form will produce a thermal response. Here, we note the Taylor expansion of this
Wightman function will yield the same functional dependence as our Hadamard form. It should be noted that a
uniform acceleration in one dimension is a necessary condition for this expansion to yield a thermal response at
constant temperature, i.e ∂sT = 0 [13]. In order to compare with expanded Hadamard form we note the Taylor
expansion of the thermal Wightman function is given by
G+a [x(τ
′), x(τ)] =
1
8pi2
[
1
− 12s2 − 124a2s4 +O(s6)
]
. (10)
Now, we note that the coefficient on the quartic term determines the temperature of the resultant thermal response
function. More precisely, the temperature for this thermal state is given by:
T 2U =
( a
2pi
)2
= − 3
8pi4
lim
s→0
∂2
∂s2
[
1
s2G+a [x(τ ′), x(τ)]
]
, (11)
which is known as the Unruh temperature, observed by a constantly accelerated observer in the Minkowski vacuum
[3]. The limit s = τ ′ − τ → 0 is significant, as we expect a detector with a large gap ∆E ≫ a, which is on for a short
period of time ∆τ ≪ a−1, to be only sensitive to this limit. The latter condition can help define an instantaneous
notion of temperature, even if acceleration is not constant. With this insight, let’s turn to the generic Hadamard
Wightman function derived above (Eq. 7). We can now define a generalized notion of instantaneous temperature:
T 2∗ (τ) ≡ −
3
8pi4
lim
s→0
∂2
∂s2
[
1
s2G+[x(τ ′), x(τ)]
]
, (12)
for a local observer, moving on an accelerated trajectory, in a generic spacetime, and interacting with a generic
Hadamard state of the quantum field. As we saw above, this matches the standard thermodynamic temperature for
a thermal state. Plugging Eq. (7) into this definition, we find:
T 2∗ (τ) =
1
(2pi)2
[
A2 −Rαβuαuβ + 48pi2 〈φ2〉ren
]
. (13)
Note we find the generalized temperature is written as the Pythagorean sum of the accelerated temperature TA =
A
2pi ,
the state temperature Tφ = 12 〈φ2〉ren, and a curvature temperature TR =
√
−Rαβuαuβ
2pi . Moreover, if we had used the
elementary averaging procedure the Raychaudhuri scalar would be replaced by the Ricci scalar yielding
5〈T 2∗ (τ)〉el. ave. =
1
(2pi)2
[
A2 +
1
4
R+ 48pi2 〈φ2〉ren
]
. (14)
Here, we now have a curvature temperature based off the Ricci scalar TR =
√
R
4pi . We should note that the above
generalized temperatures are to be considered as an effective temperature that would be registered by a detector and
do not necessarily imply a thermal state. Their regime of validity is in the limit of a large detector gap and/or in
the near coincidence short time limit. One particular application of this generalized temperature is that it provides
insight into the state dependence via the vacuum polarization. Our vacuum polarization is given by
〈φ2〉ren =
1
12
[
T 2∗ − T 2A
]
+
1
48pi2
Rαβu
αuβ. (15)
In Page’s method [8] to compute the renormalized vacuum polarization, he considered a conformally coupled
massless scalar in an ultra-static Einstein spacetime where we have Rµν = Λgµν . For these classes of spacetimes,
using either the Ricci or Raychaudhuri scalar, we reproduce celebrated result known as Page’s approximation,
〈φ2〉ren =
1
12
[
T 2∗ − T 2A
]− Λ
48pi2
. (16)
V. EXAMPLE: COSMOLOGICAL BACKGROUNDS
In a cosmological Friedman-Robertson-Walker (FRW) background with scale factor a(τ), Eq. (13) takes an inter-
esting form for comoving observers:
T 2∗ (τ)FRW = 12 〈φ2〉ren +
3
(2pi)2
a¨(τ)
a(τ)
, (17)
which combines cosmic accelerations and the state temperature. The 4-acceleration for a comoving observer is zero.
Moreover, if we recall that for a massless and conformally coupled scalar field, the vacuum polarization is given by
〈φ2〉ren = − R288pi2 [19]. The cosmic acceleration can be written in terms of the Hubble constant via a¨(τ)a(τ) = H˙ +H2.
Recalling that the Ricci scalar in an FRW spacetime is given by 12H2 + 6H˙ , we find the instantaneous temperature
to be,
T 2∗ (τ)FRW =
1
(2pi)2
[
H2 + 2H˙
]
. (18)
We can also extend this result to include accelerated observers. The components of the Ricci tensor are given
by R00 = 3H
2 + 3H˙ and Rii = −a(t)2(3H2 + H˙) and the normalization of our 4-velocity yields u20 − a(t)2v2 = 1.
Then with γ = dtdτ , the boost factor of the observer relative to the cosmological frame, we find the instantaneous
temperature measured by an accelerated observer in agreement with [13, 14]. Hence,
T 2∗ (τ)FRW =
1
(2pi)2
[
A2 +H2 + 2H˙γ
]
. (19)
VI. WHEN IS TEMPERATURE REAL?
For arbitrary spacetimes, the sign of the curvature correction to the temperature in Eq. (13) is constrained by
the energy conditions. The strong energy condition requires Rαβu
αuβ ≥ 0 for time-like u′s, implying that curvature
corrections to T 2∗ are always negative:
T 2∗ (τ) = T
2
A +
1
(2pi)2
[−Rαβuαuβ + 48pi2 〈φ2〉ren] ≤ T 2A + 12 〈φ2〉ren . (20)
6Furthermore, the weaker null energy condition Rαβk
αkβ ≥ 0, for all null vectors kα implies that, even if the
curvature correction is positive for an observer (in a spacetime violating the strong energy condition), it will become
(arbitrarily) negative for an observer that moves fast enough (unless the null energy condition is saturated). To see
this explicitly, let us use Einstein equations for a perfect fluid with density ρ and pressure p. Then, Eq. (13) takes a
remarkably simple form:
T 2∗ (τ) = T
2
A +
1
(2pi)2
{
48pi2 〈φ2〉ren − 4piGN
[
2(ρ+ p)γ2 − ρ+ p]}
≤ T 2A +
1
(2pi)2
{
48pi2 〈φ2〉ren − 4piGNγ2(ρ+ 3p)
}
(21)
where GN is the Newton’s constant of gravitation, and γ is the observer’s Lorentz factor in the rest-frame of the
fluid. Indeed, for fast observers (large γ), we get T 2∗ < 0 assuming the null energy condition ρ+ p > 0. However, one
may argue that such fast-moving detectors simply do not register a thermal response function, because they are not
interacting with a thermal state. For further discussion, we refer the reader to [15, 16].
Let us now turn our focus to thermal gravitationally bound states. We can use Raychaudhuri equation (e.g., [17])
to substitute for Rαβu
αuβ:
Rαβu
αuβ = uµ∇µ(∇ · u) + 2(Σ2 − Ω2) + 1
3
(∇ · u)2 −∇µaµ, (22)
where we use the standard definitions for shear and vorticity tensors, Σ and Ω, as components of ∇µuν tensor. A
thermal state does not have explicit time dependence, and thus must be in steady state. This implies that:
Σ2 = ∇ · u = 0, and Tglobal = T∗(xµ)/u0(xµ) = const., (23)
where we assume that uµ’s are the 4-velocities of the observers that see a steady-state thermal state (see e.g., [18]).
Now, combining Eq’s, (13) and (22-23), we find:
T 2global =
1
(2piu0)2
[
48pi2 〈φ2〉ren + aµaµ +∇µaµ + 2Ω2
]
= positive constant. (24)
This equation provides a novel constraint on the renormalized field polarization in spacetimes with global thermal
equilibrium, in terms of the velocity field of its thermal observers:
〈φ2〉ren =
1
12
(u0Tglobal)
2 − 1
48pi2
(
aµaµ +∇µaµ + 2Ω2
)
. (25)
One final constraint we can make to ensure that we have a well defined temperature is that it is constant with respect
to the proper time of the comoving observer, ∂sT∗ = 0. This, along with a positive definite, T∗ > 0, temperature
ensures an exact Taylor series of a thermal Wightman function, e.g. Eqn (10). For spacetimes, trajectories, and
quantum states that obey these conditions we will have a well defined thermal response of the detector.
VII. CONCLUSIONS
In this paper, we computed the temperature registered by an Unruh-DeWitt detector accelerating through curved
spacetime and coupled to a Hadamard renormalizable massless quantum field. Employing a covariant and quasilocal
expansion of the Hadamard form we find a temperature comprised of acceleration, curvature, and quantum state
dependent terms. By restricting our geometry to static Einstein spacetimes we can reproduce the Page approxima-
tion and an array of cosmological temperatures. Moreover, we found a novel constraint on the renormalized field
polarization in spacetimes with global thermal equilibrium.
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